Advances in
Water Resources

ELSEVIER

Advances in Water Resources 25 (2002) 1105-1117

www.elsevier.com/locate/advwatres

Immiscible two-phase fluid flows in deformable porous media

Wei-Cheng Lo, Garrison Sposito *, Ernest Majer

Department of Geophysics and Geomechanics, Lawrence Berkeley National Laboratory, University of California,
Hilgard Hall #3110, Berkeley, CA 94720-3110, USA

Received 2 October 2001; received in revised form 9 December 2001; accepted 27 May 2002

Abstract

Macroscopic differential equations of mass and momentum balance for two immiscible fluids in a deformable porous medium are
derived in an Eulerian framework using the continuum theory of mixtures. After inclusion of constitutive relationships, the resulting
momentum balance equations feature terms characterizing the coupling among the fluid phases and the solid matrix caused by their
relative accelerations. These terms, which imply a number of interesting phenomena, do not appear in current hydrologic models of
subsurface multiphase flow. Our equations of momentum balance are shown to reduce to the Berryman-Thigpen—Chen model of
bulk elastic wave propagation through unsaturated porous media after simplification (e.g., isothermal conditions, neglect of gravity,
etc.) and under the assumption of constant volume fractions and material densities. When specialized to the case of a porous
medium containing a single fluid and an elastic solid, our momentum balance equations reduce to the well-known Biot model of
poroelasticity. We also show that mass balance alone is sufficient to derive the Biot model stress—strain relations, provided that a
closure condition for porosity change suggested by de la Cruz and Spanos is invoked. Finally, a relation between elastic parameters
and inertial coupling coefficients is derived that permits the partial differential equations of the Biot model to be decoupled into a
telegraph equation and a wave equation whose respective dependent variables are two different linear combinations of the dila-

tations of the solid and the fluid.
© 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

The mathematical description of multiphase fluid
transport through deformable porous media is a problem
of great practical importance to subsurface hydrology,
including within its purview diverse applications to un-
derground waste containment, enhanced recovery of
petroleum, aquifer remediation, and seismic phenomena
in geological formations and unconsolidated earth ma-
terials. At the heart of this description lies a physical
understanding of linear momentum balance based on the
thermomechanical behavior of an elastic solid frame-
work permeated by compressible viscous fluids [1,2].
This behavior, in turn, depends on the thermomechani-
cal properties of the individual phases and on the cou-
pling that exists among them because of mutual
interactions [2]. In order to characterize this intricate
porous framework-fluid system, a variety of authors [1-
12] exploiting methods in continuum physics has
contributed to the development of a theory whose com-
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plexity thus far has prevented its full assimilation into
numerical simulations and field applications.

The continuum theory of mixtures [2,6] provides a
rigorous theoretical approach for describing multiphase
systems from a strictly macroscopic viewpoint. Raats
and Klute [13,14] pioneered this approach for modeling
water movement in unsaturated soil, whereas Hilfer [§]
and Hilfer and Besserer [11] recently have utilized it to
model concurrent water and oil movement through res-
ervoirs containing both connected and dead-end pore
space. Zienkiewicz et al. [15], Lewis and Schrefler [16],
and Schrefler and Scotta [17] have implemented numer-
ical models of water movement through unsaturated
deforming porous media that build on the continuum
theory of mixtures while retaining a close formal re-
semblance to phenomenological models of poroelasticity
[18-20]. Coussy et al. [6] made a detailed comparison
between these latter models (which stem from some
pioneering studies by Biot [21] on the coupling between a
solid framework and the fluid permeating it, as caused by
changes in applied stress or pore pressure) and contin-
uum mixture theory. Contrasting the natural preference
for a Lagrangian approach in poroelasticity models with
that for an Eulerian approach in mixture theory, they
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Nomenclature
A elastic coefficient
Agr coefficient related to inertial drag in a one-

fluid system
Ay, Ara, Ay, A2 coefficients related to inertial drag

A, Helmholtz potential of the phase o

Az isotropic tensors related to inertial drag

a, acceleration of the phase o

des acceleration of the phase ¢ relative to the

solid phase
viscous drag coefficient
diffusivity
ratio of the dynamic and elastic constants,
used for decoupling
volumetric strain rate in the phase &
rate of deformation tensor in the phase o
V - i, dilatation of the solid phase
strain tensor for the solid phase
linear transformation matrix
shear modulus of the porous medium
gravitational acceleration
Jacobian determinant for the phase o
linear transformation matrix
bulk modulus of the porous medium
bulk modulus of the fluid phase
bulk modulus of the solid phase
linear transformation matrix
velocity gradient tensor of the phase o
interphase exchange of momentum for the
phase «
proper orthogonal transformation
elastic coefficient [P = 4 + 2G]
pressure in the fluid phase
mean principal dilatational stress in the solid
phase
pressure in the phase &
elastic coefficient
interphase exchange of energy for the phase
o
heating flux vector of the phase «
elastic coefficient
coefficient related to viscous drag in a one-
fluid system
Ri1, Ri2, Ry1, Ry coefficients related to viscous drag
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R:p isotropic tensors related to viscous drag

S, entropy of the phase o

T, temperature of the phase «

Tis temperature of the phase o relative to the
solid phase

t time

1, stress tensor of the phase o

s displacement vector of the fluid phase

iy displacement vector of the phase o

vV total volume

|4 reference velocity

v, volume occupied by the phase o

¥, velocity of the phase o

Ur velocity of the fluid phase

Vs velocity of the phase o relative to the solid
phase

W total relative fluid displacement vector

We average displacement vector of the phase ¢
relative to the solid phase

X, material position vector

X, spatial position vector

Z linear transformation matrix

Greek symbols
rate of entropy production per unit mass of
the phase o
entropy production rate per unit mass of the
system
isotropic tensors pertinent to heat transfer
de la Cruz and Spanos elastic coefficients
unit tensor
V - i dilatation of the fluid phase
linearized increment of fluid content
normal coordinate
volume fraction of the fluid phase
volume fraction of the phase «
constitutive coefficient associated with mac-
roscopic viscosity of the phase &

e

IS
P
6

-

B3

S D DY & M|,

P

e constitutive coefficient associated with mac-

. roscopic viscosity of the phase &

14 normal coordinate

T interfacial pressure

O¢ material mass density of the fluid phase (mass
per unit volume of the fluid phase)

0, material mass density of the phase o (mass

per unit volume of the phase «)

pr = p, + p, + p, partial mass density of the system
(total mass per unit total volume)

I partial mass density of the phase o (mass per
unit total volume) [p, = p,0,]

D115 P12s Py 1nertial coupling coefficients in the Biot
model [ps = py; + P12s Py = P12+ P22l

¢ porosity

A porosity change

%, () vector-valued mapping function from X, to X,

@, spin tensor in the phase o
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demonstrated equivalence between the two with respect
to physical balance equations and the entropy inequality.
Long ago, Brutsaert [22,23] illustrated the relevance of
poroelasticity to subsurface flow phenomena, following
Biot [18], who had put forward a now celebrated [20]
model of poroelastic behavior, postulating inter alia that
inertial drag acts on the solid matrix when it is acceler-
ated relative to the fluid. Despite these long-standing
insights, inertial drag has typically not been represented
in subsurface multiphase flow models [1,8-15,17,22-25].

On the other hand, the Biot [18,19] model of poro-
elasticity has been extended to deformable porous media
containing two immiscible fluids by Berryman et al. [26]
and Santos et al. [27] using a Lagrangian approach, and
by Tuncay and Corapcioglu [28] using an Eulerian ap-
proach. Inertial drag was considered by Berryman et al.
[26] and Santos et al. [27], but not by Tuncay and Co-
rapcioglu [28]. The present paper presents an attempt to
include this effect systematically in the Eulerian ap-
proach more commonly utilized to describe subsurface
multiphase flows in theoretical hydrology [24,29]. Our
model is based in the continuum theory of mixtures [2],
which is applied to derive balance equations for mass
and linear momentum in a porous medium bearing two
immiscible fluids. Constitutive relationships needed to
make the balance equations tractable are then derived
based on objectivity and linearity, along with the en-
tropy inequality, which are well-known constraints used
in continuum mechanics [2]. These coupled equations
govern the linear behavior of a porous medium con-
taining an elastic solid and two immiscible viscous flu-
ids. After some simplifications, our partial differential
equations reduce directly to the model of Berryman et al.
[26]. Finally, the Biot model [18] of poroelasticity is
considered as a special case of our equations when ap-
plied to a porous medium containing a single fluid and
an elastic solid. It is demonstrated that mass balance
alone is adequate to derive the Biot model linear stress—
strain equations [18] if a closure relation for porosity
change [4,5] also is invoked. We show that, for dilata-
tional motions, decoupling the Biot model equations is
possible by using a similarity transformation while in-
voking a specific constraint relating the elastic parame-
ters and inertial coupling coefficients in the model. After
decoupling, two different linear combinations of the
dilatations of the solid and the fluid are found to satisfy
respectively a telegraph equation and a wave equation.

2. Macroscopic equations of mass and momentum balance
with constitutive relationships
2.1. Preliminaries

The configurations of sets of particles B, of the phases
o (e¢=1,2,...,N) in a porous medium at time ¢ occupy

simultaneously the same region R bounded by a closed
surface OR in three-dimensional Euclidian space. Fol-
lowing Truesdell [2], we define X, to be position vectors
of material points in B, at time ¢ and X, to be position
vectors of material points in a reference configuration of
B,, customarily taken to be that at time ¢ = 0. The mo-
tion of B, is the vector-valued smooth mapping

)_C’zx = Zg(Xza t)7

X, = Z;l(fwt)v (2)

0<t< oo, (1)

where a superscript —1 denotes the inverse function and,
by convention,

Xm 22;1()2470) (3>

The invertible mapping ¥, is differentiable with respect
to X, and 7 as many times as desired. The necessary and
sufficient condition for the property of invertibility of
the mapping is that the Jacobian determinant ./, of the
transformation from X, to ¥, is not zero:

B 0%,
J, = det (a)? ) #0. 4)

o

The velocity ¥, at time ¢ is

L 0,0
= L\ 5
v o (5)

The acceleration 4, at time ¢ is

- 62 _’a (X'o” t)
y=—"735 - (6)
The velocity gradient tensor L, = Yﬁa can be uniquely

decomposed into a symmetric part d, and a skew-sym-
metric part @,:

L,=d, +3, (7)

The rate of deformation tensor (or stretching tensor) Z
at time ¢ is

e
d, = Vﬁqu(Vif“)T}, (8)

where a superscript T refers to the transpose. The vor-
ticity (or spin) tensor @, at time ¢ is

S -

@, =5 [V3, = (V5,)'] 9)
The operator of material differentiation is

D()_o), - o

F_ ot + Uy V( ) (10)

The volume fraction 6, is the portion of the total volume
occupied by phase o:

v,
21:0121, 0, =

where V' is the total volume of the system, V, is the
volume occupied by phase «, and saturation of the pore

(0<0,<1), (11)
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space has been assumed. Finally, the partial density p,
(mass per unit total volume) is equal to the material
density p, (mass per unit volume of phase «) multiplied
by the volume fraction 0,, ie., p, = p,0,. All three
quantities are assumed to be smooth fields [2].

2.2. Balance of mass and momentum

We commence with the balance equations for mass
and momentum taken from the continuum theory of
mixtures [2] and specialized to the case of immiscible
phases with no chemical reactions and no interphase
mass transfer. These balance equations are the same as
the macroscale phase conservation equations that ap-
pear in current multiphase flow theories [7,9,13,14,24]
and numerical simulations [15,17] when similarly spe-
cialized.

Balance of mass

Dd(pmed) 7 = _
“Dr + p,0,V -5, =0. (12)
Balance of momentum
DB,
paoz Dl; —V ( ) paoﬂg pa()M _0 (13)

Across each phase interface, momentum must be con-
served:

Zpagaﬂa = 6, (14)

where hereafter « signifies the three immiscible phases:
fluid phase 1 (1), fluid phase 2 (2), and the solid phase
(s). In Eqs. (12)<(14), 7, = (7,)" is the stress tensor in
phase o, g is gravitational acceleration, and M, in the
fourth term of Eq. (13) is the interphase exchange of
momentum for phase o. In Eq. (12), mass is balanced by
the rate of change of mass within phase « (first term) and
advective mass flux across the boundaries of phase «
(second term). In Eq. (13), the first term represents the
rate of change of momentum within phase «. The second
term specifies surface tractions, i.e., forces per unit vol-
ume acting on the boundaries of phase «. The third term
is the supply of momentum from a gravitational field.

2.3. Constitutive equations

The mass and momentum balance equations are in-
sufficient in number to provide an analytical or numer-
ical solution for all dependent variables; therefore,
constitutive relationships must be constructed to sup-
plement the balance equations [2]. These relationships,
which characterize how individual phases in a multi-
phase system behave and how they interact with the
other phases, must agree with experiment. Beyond this
obvious requirement, some significant stipulations guide
the construction of constitutive relationships [2,30].

Local action and phase separation stipulate that the be-
havior of any phase at any X, depends only on vicinal
thermokinetic processes (i.e., nearby values of y,(X,, 1),
0,(%, 1), and the temperature T,(¥,¢)), and that the field
variables describing a phase o (e.g., the Helmholtz po-
tential 4,(¥,¢)) depend only on the independent con-
stitutive variables pertaining to that phase [2]. This latter
stipulation, phase separation, explicitly recognizes the
integrity and physical segregation of phases into con-
nected subregions bounded by interfaces [31]. Frame-
indifference or objectivity stipulates that independent
constitutive variables must obey the transformation re-
lations [32]:

S =38, (15.1)
V'=0()-7, (15.2)
T =0(:) - T-[00)], (15.3)

where the prime indicates the scalar (S, vector (¥), and
second-order tensor (7') in a different material frame, and
O(t) designates a time-dependent proper (det[O(¢)] = 1)
orthogonal transformation. For example, the partial
density is an objective scalar, but velocity is not an ob-
jective vector. Relative velocity and relative acceleration,
however, possess objectivity [30,32]. In addition, de-
pendent constitutive variables must be isotropic func-
tions of the independent constitutive variables, which
means that, if 7 and F be vector-valued and tensor-
valued functions, respectively, of the objective scalars,
vectors, and tensors, {S;}, {I_/}(}, and {7}, their math-
ematical representations must have the forms [30,33]:

m*ZakV;‘+ZZ Y V.. T +c,jT I_/:), (16.1)
F= Zeljk + Z Zfzﬂ_/;f/;
k R
+ZZZZ@’WV V- T
+h1/kl?k I_}I?; ? m,ﬂdf) ? ? I_/;
—‘rl’lUuTk V? I_/;), (162)

where the coefficients ay, by, cij, e, fij, Sijwi> Pijrrs Mijas
and n;;; are scalar-valued functions of the objective
scalars {S;} and of the joint invariants [33] which can be
constructed with the {V;} and {T;}.

In any natural process, constitutive equations cannot
violate the second law of thermodynamics as expressed
in the entropy (or dissipation) inequality: the net entropy
production rate is never negative for a closed system [2].
For a multiphase system described by the continuum
theory of mixtures, the entropy inequality can be ex-
pressed [2,24]:
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T, Di Dt
qy =, pgcgotTas o
== VToc —
T, } 1. 9
1 _,
- 7 ZPﬁaMa ' Bccs = 07 (17)

where A4, is the Helmholtz potential of the phase «, @a is
the interphase exchange of energy for the phase « pro-
duced by mechanical interactions and subject to
> P0.(0, M, + 0,) = 0; S, is the entropy of the phase
o; T, is its temperature; g, is its heating flux vector; I', is
the rate of entropy production per unit mass of the
phase «, I' is the entropy production rate per unit mass
of the system; pr = Y, p,0.; U, = U, — U is the velocity
of the phase « relative to that of the solid phase; and
T,s = T, — Ty is a relative temperature.

Although not required for constitutive relationships,
linearization of Eqs. (16.1) and (16.2) assures tractability
of the governing differential equations after specifica-
tion of all phenomenological coefficients. The linearized
forms of Egs. (16.1) and (16.2) are:

= a, (18.1)
k

F=> el (18.2)
k

These truncated equations will be used in Eq. (17) to
represent M, and ¢, in Eq. (13).

2.4. Balance equations with constitutive relationships

A multiphase continuum mixture is termed immiscible
if the volume fractions 6, are required to be among its
dependent constitutive variables [2]. In the present
paper, the set of these variables that has been defined
typically to describe porous media containing immisci-
ble fluids [1-3,5,7-11,14-17,24,25,28] is extended to in-
clude the relative acceleration vectors, ds = d; — ds
(& =1,2), where d: is the acceleration of fluid phase ¢
and d; is that of the solid matrix. Using the chain rule to
express the functional dependence of the Helmholtz
potential for each phase on d;; and d,; along with the
entropy inequality in Eq. (17), one may obtain the fol-
lowing additional restrictions on constitutive relation-
ships (see Appendix A):

Oip, 04y | 0xp; 04y | Ospg 04 _ (19.1)
T aa’is T 6a§s T aalis ’ '
Orp, 041 Oap, 0y Osp, 0As (19.2)
Tl aaés TZ aaés TS aaés 7 .

lel 6A1 92/)2 6A2 j
—= — =0 19.3
T1 aal Is T2 aalls 02 ’ ( )
lel 6A1 (‘)2[)2 6A2 ;
: 2Py 942y _ 19.4
Tl aayz 1s T a 1 UlZs 07 ( 9 )

where a’, and vk, are the cartesian coordinates of d:, and
Ues, respectlvely Following Gray [24], if 4| and A4, are
isotropic scalar-valued functions of dj; and dy, one
concludes that 4, and 4, must also be independent of d;
and d»;. Thus, by Eq. (19.1), 4, is independent of d;.
Similarly, by Eq. (19.2), 4, does not depend on dp.
Therefore, development of the terms in (D”4,)/(Dt) in
the entropy inequality (Eq. (17)) is not altered by the
inclusion of d;; and d», as independent constitutive
variables.

Following well-known procedures [2] as exemplified
in [1,3,24], we can write down constitutive relationships
for the fluid stress tensors 7: and momentum-exchange
vectors Mg (¢ =1,2) consistent with the linearized ex-
pressions in Egs. (18.1) and (18.2):

?1 = —pl(Jlg + )"ldlg + z,uljla (201)
;2 = —pz@zg + )»25123 + 2.“2327 (202)
p161]l711 :pIV_'91 +1:311 - Uy +1:312 - Uas +jll -dys

+ Ay ds+ Y My, VT, (20.3)

:Pzﬁoz +§22 - Tas +ﬁ21 B + Ao - dos
+j21 ~dys + Zﬁsz : ﬁToc; (20.4)

p20:M;

where p; = (pé)z(GAg /0p;) is the thermodynamic pres-
sure in the phase £(¢ = 1,2); d: is the volumetric strain
rate of the é-phase, equal to the trace of d,; ¢ is the unit
tensor; /A; and p. are scalar coefficients (4: >0,
e +(2/3)p: = 0 [24]) associated with macroscopic vis-
cous properties of the phase &; Ry, R», Ra, and Ry, are
negative semi-definite isotropic tensors [24] related to
viscous drag; and IT,, and II,, are negative semi-definite
isotropic tensors [24] pertinent to heat transfer. The
coefficients A;;, A5, 421, and A are isotropic tensors
related to inertial drag. It is still necessary to establish a
constitutive relationship for the stress tensor of the solid
phase, 7;. This will be discussed in Section 4.1. The first
term on the right side of Egs. (20.3) and (20.4) is the
force per unit area induced by the gradient of the vol-
ume fraction; the second and third terms represent vis-
cous drag, while inertial drag is incorporated into the
fourth and fifth terms, and the last term arises from
gradients of temperature.

We note in passing that the saturation constraint on
the volume fractions in Eq. (11) imposes an indetermi-
nacy on the momentum-exchange vectors M, because of
the closure condition in Eq. (14) [2]. In particular, the
gradient of the left side of Eq. (11) is equal to 0 and,
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therefore, the quantity 7, V0, can be subtracted from
the left side of Eq. (14) for any scalar multiplier =. It
follows that the coefficient of Vﬁg (¢=1,2) in Egs.
(20.3) and (20.4) is determined by the entropy inequality
only to within an arbitrary scalar datum. Only with
ad hoc constitutive assumptions can a specific physical
interpretation of 7 be developed, which usually is de-
picted as an “interfacial pressure” needed to sustain the
saturation constraint on the volume fractions [2].

With the introduction of constitutive relationships
from Egs. (20.1)-(20.4), our equations of mass and
momentum balance for a deformable porous medium
containing two immiscible fluids are:

Conservation of mass

D*(p,0,)
Dt

Conservation of momentum

+ 0,0,V -5,=0, (a=s,1,2). (21.1)

(1) fluid phases

(94 — _
péegﬁig + Hgvai - V- (ﬂidgé —+ 2/15(15)
2 2
—p0F = Ry g — Y A -,
p=1 p=1
5,12 N
-y ., -VI,=0 (£=1,2). (21.2)

2
715 — p0.8 + ZPNH:

¢=1

_|_
- 10 R
£ M
=
=
<
"
NG
I
ﬂﬁ;
o

Zﬁ@ VT, =0. (21.3)

3. The Berryman—Thigpen—Chen model
3.1. Preliminaries

Elastic wave phenomena in porous media containing
compressible viscous fluids are of considerable interest to
diverse applications such as the extraction of DNAPLs
[34], the measurement of dynamic permeability [35,36],
the detection of acoustic phenomena in geological for-
mations [36-39], and the enhancement of oil production
[40]. Although there is an abundance of past research [3—
5,12,20-22,26-28,36] devoted to explaining the under-
lying physical mechanisms involved in elastic wave
motion through both saturated and unsaturated porous
media, the systematic formulation of a model for mul-

tiphase fluids that includes inertial coupling has been
accomplished only by Berryman et al. [26] based on a
variational approach initiated by Drumbheller and
Bedford [41] and extended to a Lagrangian framework
by Berryman and Thigpen [38]. This approach is com-
plementary and, in special cases, equivalent to a for-
mulation using the continuum theory of mixtures, but it
differs from the latter significantly by its necessity for
blurring the distinction between balance equations and
constitutive relationships [2].

It is possible to derive the elastic wave propagation
model of Berryman et al. [26] as a special case of Eqs.
(21.1)—(21.3) after making some simplifying assumptions
consistent with their model:

(1) the fluid phases are macroscopically inviscid (1; =
pe = 0);

(ii) temperature gradients and gravitational effects are
neglected;

(iii) the tensors R:; and Acﬁ are diagonal, with the same
principal axes;

(iv) the nonlinear term @, - V3, in the material deriva-
tive is neglected (D*%,/Dt = d%i,/0¢*, where i, is
a displacement vector for the phase «);

(V) changes in capillary pressure are neglected (ﬁpl =
Vp, = fo);

(vi) cross-coupling caused by inertial drag is symmetric
(41> = Ay;), while that caused by viscous drag is ne-
glected (R1; = Ry = 0).

As a consequence of these assumptions, Egs. (21.2)
and (21.3) become:
Conservation of momentum

(1) fluid phases

0% Oii; i
pe0: 5+ 0:Vpr = R (E‘E)

2 o
%y, 0% ~ ,
- 4 <©t2ﬂ % ) =0 (¢£=1,2). (21.2)

=1

(2) solid phase

3.2. Model equations

The coupled partial differential equations for elastic
wave propagation and attenuation in unsaturated po-
rous media derived by Berryman et al. [26] were estab-
lished under the assumption that both the volume
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fraction and material density of each phase are always
equal to their values in a reference configuration, de-
noted by a superscript 0. Following [26], we then define
we as the average displacement vector of a fluid relative
to the solid phase:

we = 00(i: — i) (£=1,2). (22)

This vector is a measure of the flow volume per unit area
of each fluid phase relative to the solid. The rotal relative
fluid displacement vector is:

W =W+, = 0) (il — i) + 05 (&, — ;). (23)

A dimensionless variable {, defined as the negative
divergence of the total relative fluid displacement vector
[26]:

is the linearized increment of fluid content for unsatu-
rated porous media. It represents the fractional volume
of fluids flowing in or out of a given volume element
attached to the solid frame in response to an applied
stress [4,19,26].

To derive the coupled partial differential equations in
the Berryman et al. [26] model, we divide the momentum
balance Eq. (21.2') applied to fluid phase 1 by 0(1) and
rearrange the pressure term:

0O Ry (O Qi) Au (0% 0%
o g\ &) P\ e

Ay [ Pu, 0% -
W(W@ =~ Vpr. (25)
1

Reorganizing Eq. (25), we have

%l p, A o?
0 s _1_ 11 o 0/ - =
Pige t le? (0‘1))21 a2l (ul us)

Rll a 0/[— - A12 62 0/ - - =
— —0 —U ) ———=—10 — i) = —Vp;.
(0)2 o ‘("' ”‘) 0°0] o 2("2 “‘) Ve
(26)
After introduction of w; from Eqgs. (22), (26) becomes:
pOaZﬁs p_(l’_ Ay | 0w Ry 0w
I N (0 I TR
A12 621'_1;2 =
_ = —Vpr. 2
9(1)02 o2 fo ( 7)

In like manner, Eq. (21.2') applied to fluid phase 2 can
be written:

Oazﬁs p_g_ A22 621/_1;2_ R22 6_{132
2o 0y (05)°) o7 (65) ot
Ay O*w =
SN AN v (28)

0065 o

The combination of Egs. (21.2') applied to fluid phases 1
and 2 with Eq. (21.3') for the solid phase yields the
equation:
o 0%

(OB O =
P10

122 TP — V- (s — ¢°ped), (29)

where ¢° = 0° 4 03 and p) = 3, p20°. Egs. (27)—(29) are
identical with Egs. (67)—(69) in Berryman et al. [26] after
correction of a minor error in their Egs. (68) and (69).
(The divisor of their coefficients p,,) = p(,; should be
} 4¢P )» corresponding to the divisor of the coefficients
Ay = Ay in Egs. (27) and (28), 096).)

+p

4. The Biot model
4.1. Stress—strain relations

The Biot model [18,19,21,43] has long provided a
phenomenological basis for describing elastic wave
propagation and attenuation in fluid-filled porous media
[6,36]. The linear stress—strain relations in the model
were developed using a variational principle based on a
general form of the strain energy function for a mac-
roscopic continuum. Supposing that, at the pore scale,
the fluid phase is Newtonian and the Hooke—Cauchy
law is valid for the solid phase, de la Cruz and Spanos
[5,42] have used microscopic volume-averaging to derive
these relations, but in doing so neglected the shear strain
of the pore volume when they assumed the shear mod-
ulus of the solid phase to be the same as the shear
modulus of the bulk medium [4]. Pride et al. [4] gave a
more comprehensive microscopic-picture derivation of
the linear stress—strain relations based on momentum
balance without neglect of pore volume strain. In the
present section, for a homogeneous porous medium
(ﬁpf = ﬁps = V_}f) = V0, = 0), we shall derive the Biot
model linear stress—strain relations directly from mac-
roscopic mass balance complemented by a linear closure
relation for the fractional change in porosity [4,5,42].

Specialized to the case of a homogeneous porous
medium saturated with a single fluid by setting subscript
1 = f, with 0; then identical to the porosity ¢, and
¢ =1—10,, Eq. (21.1) can be expressed:

d R
% + eV T = 0, (30.1)
@ + p0,V - B, = 0. (30.2)

Following [44], the bulk modulus of the fluid, K¢, and
that of the solid, Kj, are related to the fluid pore pres-
sure, pr, and the mean principal dilatational stress in the
solid phase, p;, by the definitions:

2% 2 O (31.1)
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(31.2)

where —(1 — ¢)p, = tr(Z,)/3 [4]. With the incorporation
of Egs. (31.1) and (31.2), the mass balance Egs. (30.1)
and (30.2) take the form:

aps o Ks ad) = o
ey KV -5, (32.1)
oy Kr 0o =
76! = — ¢ o — KV - 0; (322)

To study the linear stress—strain relations of an elastic
porous medium containing a single fluid, de la Cruz and
Spanos [5] deduced the macroscopic strain energy
function for a saturated poroelastic medium by per-
forming volume-averaging on the energy equations of
each phase at the pore scale. Their results revealed that
the strain energy function was dependent on porosity
change, as well as on the dilatations of the solid and
fluid phases, whereas Biot [19] held that the strain en-
ergy function should depend solely on the dilatations of
the solid and fluid phases. To be consistent with Biot
[19], de la Cruz and Spanos [5] proposed a closure re-
lation to connect porosity change to the dilatations of
the solid and fluid phases. This closure relation was
derived more carefully by Pride et al. [4] to express the
three dependent variables in Egs. (32.1) and (32.2), i.e.,
¢, pr, and p;, solely in terms of the dilatations of the
solid and fluid phases. The general form of the closure
relation is [4,5]:

% _ OV - B — 6V - T, (33)
ot

where d; and J; are dimensionless parameters.

At this juncture, it is useful to revisit the classic Biot-
Willis [36,39,43,45] quasistatic experiments to evaluate
the two dimensionless parameters in Eq. (33). Consider
a saturated porous medium enclosed within a flexible
“jacket” and subjected to an externally-applied isotropic
stress, with the fluid inside the porous medium allowed
to drain freely. The fluid pressure thus remains constant.
The compressibility of the porous medium framework is
equal to the inverse of the bulk modulus of the porous
framework Ky [44]. The equations realizing these two
conditions are:

Opr
—=0 34.1
2o, (34.1)
> (1—¢) op

Py=—— LS 34.2
V-3 . or ( )

Combining Eq. (33) with Eqgs. (32.1) and (32.2), one
finds the relationships:

ops Os
atKS<1—¢>

R
1>v.vsl_;v-vf, (35.1)

o —Kidy = 5 .
gz q; v-us+1<f<$f—1>v-uf.

A constraint on V - ¥ and V- s can be developed from
Egs. (34.1) and (35.2):

- O
V'Uf—<5f_¢

After elimination of V - & using Egs. (36), (35.1) be-
comes:

(35.2)

)vﬂ g, (36)

aps |:< 55 ) 5f55 =g
—=K||——-1|-—F—F~F7——F |V " (37
g —¢ ') T 0-06—9) 7
Comparison of Egs. (34.2) and (37) yields an equation
for the ratio of Ky to Kj:

Ko p+0i(1—¢) = $(1— )
Ks_ 5f7¢ .

(38)

Now consider a porous medium immersed in a fluid
which is pressurized by an external source until the ap-
plied stress is distributed uniformly. The fluid pore
pressure is then equal to the mean principal dilatational
stress of the solid phase while it is the pore volume that
remains constant:

0
i 0, (39.1)
Ds = Dr- (39.2)

From Egs. (32.1), (32.2), (33), (39.1), and (39.2), an
equation for the ratio of 5 to d; can be obtained:

5 K

5. K (40)

We now combine Eqs. (38) and (40) to determine J; and
5f1

1-¢-R% _0

— Bkl y (41.1)
l-—¢p-2+9¢% £

5f—[% (41.2)

where Q is an elastic coefficient defined originally by
Biot [18]. After introduction of J; and J; from Egs.
(41.1) and (41.2), the closure relation in Eq. (33) and the
mass balance Egs. (35.1) and (35.2) can be expressed in
the form:

9 0= 0o -

E—EV'US—EV'IH, (421)
ops 2 _— _—
-9 L (a+36)Vearovia @2
Opr = SN =
— EzQV-vs—&—Rme. (42.3)
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In Eqgs. (42.1)—(42.3),

P e JARAC I
B l—¢p—2+0f 3
G being the shear modulus of the porous medium, and

O

(--8)

are elastic coefficients defined originally by Biot and
Willis [43]. To be consistent with the Biot model [18], all
elastic coefficients are assumed to have values equal to
those in a reference configuration.

Integrating Eq. (42.1) with respect to ¢, one obtains:
0
Ap = X
where A¢ = [j(d¢/0r)dt = ¢ — ¢° is the difference in
porosity between the current configuration and a refer-
ence configuration. We now assume A¢ is a small
quantity relative to the porosity in the reference con-
figuration: A¢/¢" < 1. Then, products of A¢ with stress
changes being neglected, Eqgs. (42.2) and (42.3) also can
be expressed in a time-integrated form:

—(1 = ¢")p, = (4 +2G)V - & + OV - &,

G,

R=

ﬁa—%ﬁﬂﬁ (43)

(44.1)

—¢°pr = OV - iis + RV - ;. (44.2)

The stress—strain relations in Eqs. (44.1) and (44.2) are
identical to those in Egs. (48) and (49) of Pride et al. [4]
if the bulk modulus of the fluid is a constant, consistent
with the Biot model [18]. Differences between Eqgs. (44.1)
and (44.2) and the stress—strain relations derived by de la
Cruz and Spanos [5], caused by neglect of pore volume
strain, are discussed by Pride et al. [4]. Egs. (44.1) and
(44.2) are also the well-known Biot [18,19,43] linear
stress—strain relations. If the solid phase is assumed to
obey the Hooke—Cauchy law in an isotropic form at the
pore scale, the stress tensor of the solid phase at the
macroscopic scale is related to the mean principal dila-
tational stress of the solid phase [4]:

7, = —(1 — ¢")pd + 2Ge — 3GV - i3, (45)

where g = (1/2)(Viis + ﬁﬁf) is the strain tensor for the
solid phase. Hence, given Eqs. (44.1) and (45), the stress
tensor of the solid phase can be written:

7, = 2Ge + (AV - il + OV - iir)o. (46)

as postulated by Biot [18,19]. We note in passing that
Berryman et al. [26] adapted Eqs. (44.2) and (46) to their
model simply by generalizing the term in V - i to a two-
fluid mixture using Eq. (23) (see Eq. (49) below) and by
expressing Ky as the harmonic mean of the two fluid
bulk moduli. The resulting model equations for p; and 7
then were introduced into Eqgs. (27)-(29).

The Biot model expression [19] for the linearized in-
crement of fluid content in a fluid-saturated porous
medium can be expressed in terms of the porosity
change, A¢ [4]. To derive this relation solely from mass
balance, let us begin by considering the linearized form
of Egs. (32.1) and (32.2) after time-integration:

_ A¢K,

;pw_w—&V%, (47.1)
K o
ﬁ:fj¢¢meWp (47.2)

Egs. (47.1) and (47.2) can be regrouped as the single
expression:
Ap 9" ¢ 0T (o
o —— - (i — 1) = 0. 4
(1 — ¢0 +Kfpf Ksps + ¢ \Y% (uf us) 0 ( 8)

The linearized increment of fluid content analogous
to Eq. (24) is defined by [19]:

(= ¢"V - (@ — ). (49)

Combination of Egs. (48) and (49) then yields the result
found by Pride et al. [4] using momentum balance:

_ A¢ of pr b
C—1_¢0+¢(E—Z>- (50)

Eq. (50) emerges directly from linearized mass balance
(Egs. (32.1) and (32.2)). It conveys the idea [4] that the
linearized increment of fluid content should involve the
frame contraction (first term) and the difference in in-
trinsic volumetric strain between the solid and the fluid
(second term). If K; is constant, Eq. (50) is the same as
Eq. (39) in Pride et al. [4].

4.2. Coupled momentum balance equations

The Biot model [18,19] can be derived after Egs.
(21.1) and (21.3) are specialized to homogeneous porous
medium permeated by a single fluid whose linear stress—
strain relations are given by Eqgs. (44.2) and (46):

0% Our O %y 0%
040 f f S f s

0 ——Ry| ——— | —de| =— —

f or? fr ( ot ot ) " ( or? o )

= V(Qe + Re), (51.1)
0% oiiy il iy %

090 %s | po | LT A | 22T

Pl ff( o o) T\ e
= GV2%ii,+ V|4 + G)e + Q¢ (51.2)

where ¢ = ﬁ~ﬁf is the dilatation of the fluid phase;
e=V- s is the dilatation of the solid phase; and the
coefficients A and Ry have constant values. Dilatational
motions can be investigated after taking the divergence
of both sides of Egs. (51.1) and (51.2):
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0% s Qe % 0%
LRI S (L Y i
PP 5~ R ( o o ) o2 o

= V?(Qe + Re), (52.1)

d%e de Qe % 0%
0 —_ R —
P05+ R (61‘ az>+A“<az2 az2>
— V2 (Pe+ 0%), (52.2)

where P = A4 + 2G [18,36]. A mass coupling parameter
P12 < 0 was proposed by Biot [18] to account for inertial
coupling between the solid and fluid phases, with a
coupling parameter b > 0 doing the same for viscous
drag. After making the substitutions:

A = pray PU0 = pyy A+ pras
P?(l”o =Pyt P Ry =-b,

Egs. (52.1) and (52.2) take the form of Egs. (7.1) in Part
I of Biot [18]:

(53)

o? OJe O¢
@(Plze‘kpzzs) _b<6t 6[) V(Qe + Re),  (54.1)

o OJe O¢
@(pneerle)er(Ea) =V (Pe+Q¢).  (54.2)

After neglecting the inertial terms on the left side,
Chandler_and Johnson [46] proposed normal coordi-
nates (&, {) to decouple Egs. (54.1) and (54.2):

-1 slle) 5

We shall demonstrate that the momentum balance
equations also can be decoupled with inertial terms in-
cluded. If the coupled differential Eqs. (54.1) and (54.2)
are written in a matrix form:

el L@ Te] 4 prd e
KV H Laﬂ[ ]+b at{ } (56)
where
P
K:[ Q}, L:[pll /’12]7 and
0O R P12 P2

.
F= ,
-1 1

the inverse of the linear transformation Y é] =7 {e}
can be used to uncouple Eq. (56): VL

[V E | o [ﬁ-
\Y [ﬁ-c] (zK™'127") 55

Eq. (57) shows that decoupling requires both matrices in
front of the time-derivative terms to be diagonalized
simultaneously; i.e., Z( )Z~! must be a similarity trans-
formation for hoth K~'L and K~'F to be put into di-
agonal form.

The linear transformation Z is assumed to take a
form similar to that for the Chandler-Johnson [46]
normal coordinates, but with an unknown element D:

1 -1
21 5]
Then we determine D to make the similarity transfor-
mation successful for both K~!L and K~'F. In Appendix

B it is shown that D = (R+ Q)/(P + Q) for diagonal
K~'F, as found by Chandler and Johnson [46], but

(P12 + p2)/ (P11 +p12) = (R+Q)/(P+0Q) if K7L is
also to be diagonal. Under these conditions, Eq. (57)
decouples into the pair of equations:

p1i(R+ Q) — p(P+ Q) ©*
(PR — Q?) o2
(P+20+R)b
(PR— Q%) ot

VAV §) = =5 (V-

—(V-9), (58.1)

= 2 (put200+pn) @ 5 2
VAV-0 = (P+20+R) atz(v )
(ﬁ +ﬁf) @ s 7

=——5 1 . 58.2
(P+20+R) o V-0 (58.2)
We can see from Egs. (58.1) and (58.2) that the mo-
mentum balance Egs. (54.1) and (54.2) are decoupled
into a telegraph equation and a wave equation whose
respective dependent variables are two different linear
combinations of the dilatations of the solid and the
fluid, provided that the following relation between the

dynamic and elastic constants applies:

P12+P22:p_?:R+Q
pu+pn Pl P+O
The “V -{ wave”, which is not subject to viscous
drag, represents a dilatational wave for which there is no
relative motion between the solid and fluid [18]. The
speed of propagation of this wave is ((P+20 +
R)/(p° + p2))"?, which is the Biot reference velocity, V.
[18]. The dlffu51v1ty associated with the “V - é wave” is
(PR — Q%) /(P +20+ R)b and is identical to the diffu-
sivity, Cp, derived by Chandler and Johnson [46] for the
Biot “slow wave” in the low-frequency limit. Under the
constraint in Eq. (59), V. and Cp are not independent:

(PR—0%)
CDb(ﬁs] +ﬁ(f))

(59)

Ve = (60)

When viscous effects prevail and one may ignore in-
ertial terms, Eqs. (58.1) and (58.2) reduce, respectively,
to a diffusion equation and a Laplace equation, as found
previously by Chandler and Johnson [46].

5. Conclusions

Equations (21.1)-(21.3) governing the flow of im-
miscible fluids in deformable porous media are the
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principal results in this paper. They generalize previous
linear models based on the continuum theory of mix-
tures [2,3,8,11,13,14], or on microscopic volume-aver-
aging [1,24], to include inertial coupling. However, they
do not take explicit account of interfacial effects on the
entropy inequality, either in respect to thermodynamic
potentials [7,9,48] or the saturation constraint in Eq.
(11) [2,3]. This difficult issue is a topic for further re-
search on constitutive relationships. In their present
form, Egs. (21.1)—(21.3) still can be applied to extend
current numerical modeling of wave phenomena in po-
rous media containing two fluids [12,15-17,25,28,47].

By contrast to the equations of motion developed by
Berryman et al. [26], in the momentum balance Egs.
(21.1)—~(21.3), volume fractions and material densities
are not constrained to their values in a reference con-
figuration, and the effects of macroscopic viscosity and
temperature gradients are included. However, under
conditions (i) to (vi) above and the constraint of con-
stant volume fractions and material densities, Egs.
(21.1)—(21.3) are transformed into coupled partial dif-
ferential equations (Egs. (27)-(29)) that are in agreement
with the model of Berryman et al. [26]. Similarly, the
Biot model [18,19] of momentum balance in a porous
medium permeated by a single fluid can be derived from
Egs. (21.1)-(21.3).

Mass balance equations alone, however, are sufficient
to derive the Biot [18,19] linear stress—strain relations,
provided that a closure relation for porosity change is
invoked [4,5]. The latter need only be a linear relation
between porosity change and the dilatations of solid and
fluid. Our results also lead to the Biot expression [19] for
the linearized increment of fluid content.

Applying a similarity transformation, we have de-
coupled the Biot model [18,19] of linear momentum
balance (Egs. (54.1) and (54.2)) into a telegraph equa-
tion and a wave equation whose respective dependent
variables are two different linear combinations of the
dilatations of the solid and the fluid (or equivalently,
two different linear combinations of fluid pressure and
total dilatational stress). Decoupling requires a certain
relation between the elastic and dynamic constitutive
coefficients (Eq. (59)). Thus, a number of phenomena
not yet included in current hydrologic models of sub-
surface immiscible fluid flow [3,8,11,13,14,22-24], e.g.,
pore pressure changes induced by accelerations of the
solid matrix, “porosity diffusion” [49], and permeability
variations caused by time-varying pore pressure, are
implied by our equations of momentum balance.
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Appendix A. Functional dependence of the material
derivatives of the Helmholtz potential 4,, 4,, and A, on
ﬁls and ﬁzs

The functional dependence of the material derivatives
of the Helmholtz potential A, 4,, and 4, on dj; and d
can be expressed:

DlAl 6A1 Dlalis 6A1 Dlaés

=— . A.l.l
Dr  0ai, Dt +6a’25 Dr ’ ( )

D’4, 04, D’a}, 04, D’d)

= : A.l1.2
Dt 0ai, Dt  dd), Dt ’ ( )
D4, 04, D'd), 34, D'd,

=— S — —=. Al3
Dt 0di, Dt  0d,, Dt ( )

The operator of material differentiation with respect to
the £-phase can be transformed with respect to the solid
phase through the identity [1]:

D a,, D'd. - Odl

— Ty
Dt YRRG ox;

(p=1,2; £€=1,2), (A.2)

where @l and v’CS are the cartesian coordinates of d;; and
Uss, respectively; Us = U: — U is the velocity of the ¢&-
phase relative to that of the solid, and d;, = d: — d; is the
acceleration of the &-phase relative to that of the solid.

In accordance with Eq. (A.2), Egs. (A.1.1) and
(A.1.2) now become:

D'4, 04, D’al, 04, ; dd) 04, Da
Dt dai, Dt da,, " ox  dd) Dt
aAl i 6a’2
— V= A3.1
aalzs Is o’ ( )
D2A2 - 6A2 Dsails 6A2 P Ga’is 6A2 Dsaés
Dt da), Dt da,, * ox dd), Dt
6A2 i 6a’2
— U= A32
dab, = v ( )

Given Eq. (7), we extend the gradient of the velocity to
the gradient of the relative velocity:

ot - y

s gij _ gij ij ij
o d! —d! +o: — o, (A.4)
where d!, d/, w?, and w? are the elements of d, and @,.

It follows that the gradient of the relative acceleration
can be formulated as:

%, D° (0, Dd/ D4/ Dw! Dol
v Di\aw ) D D DI Dt

(A.5)
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Substitution of Eq. (A.5) into Egs. (A.3.1) and (A.3.2)
gives the following functional dependence of 4;, 4>, and
A; on dys and dys as restricted by the entropy inequality
in Eq. (17):

elpl % 02p2 aAZ Hsps % Dsaﬁs
Ty 0aty, T, 0ai, T, 0a\;) Dt
01[)1 6A1 02)02 6A2 Qsps 6/15 Dsaés
T aa2 T, 6a2 T, ddy, ) Dt
01p1 ©A1 92/)2 aAz D* dlj
Ti aal vis dd' Dt
91P1 6A1 92,02 6A2 ]3S 2
Ty 0d, i T, aaZS =) Dt
01,01 6A1 02p2 6A2 D’w U
T1 adl S T2 aals Dt
lel 6A1 szz 6A2
T] aaz S T2 aaZS
91P1 6A1 92,02 6A2 01,01 6A1
— v =2 )+ —
( T, i, s T, 0, * ' T aags !
92p2 6A2 U/ Dsd;/ 4 91P1 6A1 02p2 aAz
Tz 66125 B D¢ Tl 6611 Is Tz aa‘is 2
lel 6A1 9292 6A2 P D'w N
— — —= @ = 0. A.6
T1 6a’25 s T2 661’25 2z Dt ( )

The implication of this equation is that the entropy in-
equality must depend on D'a} /D¢, D'd) /Dt, D°d} /Dt,
D'd) /Dt, D'w/ /Dt, D'@ /Dt, D'd’ /Dt, and D*w? /Dt.
However, these material derivatives are not chosen as
independent variables to construct constitutive equa-
tions, so the necessary and sufficient condition to meet
the requirement of nonnegative entropy production rate
is to force the coefficients of the material derivatives
to vanish. This imposes constraints on the constitutive
equations:

91P1 6A1 02p2 6A2 Hsp 6AS
— — == — e — A7.1
Ty 0aiy, T, 0diy, T, Oai, (A7.1)
91P1 6A1 92P2 aAz Hsps 6As _ (A 7 2)
Ty 0at, T, 0db, T, Oab, o
01,01 6A1 02p2 6A2 ;
—_— _— = A. .
Tl @alls s Tz 6a‘ls Ulzs 07 ( 73)
01,01 6A1 02p2 6A2
—_— — = A.74
Tl aatzs Is T2 alZSUIZS 0 ( 7 )
91[’1 6141 02[)2 6A2 91[)1 6A1
Ty odi, ' T aals =0T 0, !
02[)2 6A2
=0. AT
7 aazf’] ~0 (A.7.5)

Eq. (A.7.5) is redundant to the combination of Egs.
(A.7.3) and (A.7.4).

Appendix B. Diagonalization of K~'F and K'L

Based on the definitions of the matrices F, K, L, Z in
Section 4.2, one can derive explicit expressions for
ZK'FZ7' and ZK'LZ":

ZKIFZI:(PR—QZ)I[ P+20+R 0]7

R+Q-DP+Q) 0
(B.1.1)
Ay ~1 “1]lal a2
ZK'LZ7' = (PR — Q%) (1+D) [a3 a4], (B.1.2)

where

al = (R+ Q)(puD — p1y) — (P+ Q) (p1nD — px),

(B.2.1)
a2 =R+ 0)(py1 +ppp) = (P+ O)(p12 + pa),  (B2.2)
a3 = (R— 0D)(py,D — p1y) + (PD — Q) (p12D — p22);
(B.2.3)
a4 = (R— OD)(py; + p1a) + (PD = Q) (p12 + p)-
(B.2.4)
In order to make ZK~'FZ~' diagonal, it is necessary to
have R+ Q- D(P+ Q) =0, i.e.,
_R+0
P+Q’
For ZK~'LZ™' to be diagonal, we must make a2 = 0
and a3 = 0. The condition a2 = 0 leads to:
Pt Py R+Q
putpn P+0
This identity produces two relations: R — OD = PD — Q

and p,, — p;D = p;,D — py. Combination of these two
relations then guarantees a3 = 0.

(B.3)

=D. (B.4)
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